In TEM, a typical goal consists of making a small electron probe in the sample plane in order to obtain high spatial resolution in scanning transmission electron microscopy. In order to do so, the phase of the electron wave is corrected to resemble a spherical wave compensating for aberrations in the magnetic lenses. In this contribution we discuss the advantage of changing the phase of an electron wave in a specific way in order to obtain fundamentally different electron probes opening up new application in the (S)TEM. We focus on electron vortex states as a specific family of waves with an azimuthal phase signature and discuss their properties, production and applications. The concepts presented here are rather general and also different classes of probes can be obtained in a similar fashion showing that electron probes can be tuned to optimise a specific measurement or interaction.
Introduction
It was recently predicted, and experimentally demonstrated, that changing the fundamental structure of electron wavefronts, can imbue them with a number of particular properties, enabling new functionality within a conventional transmission electron microscope (TEM) [1] [2] [3] . These restructured electron beams, have continuous helical wavefronts, and are thus referred to as electron vortex beams [2, 3] . Accordingly the electron probability current follows a spiralling path, propagating along the optical axis, with an azimuthal momentum component [4] . Vortices occur across a broad variety of physics subfields -in classical fluid mechanics, superconductors, ocean tides and collective human behaviour [5] [6] [7] [8] [9] . Screw-type phase singularities were first discussed as a ubiquitous feature of wave physics in 1974 [10] , followed by studies progressing into the deliberate production of optical beams with the azimuthal phase dependence, in the work of Vaughan and Willetts [11] and Bazhenov et al. [12] .
A simple vortex beam can be described by Ψ ∝ f (r) exp(i ϕ) exp(ik z z) where (r, ϕ, z) are the cylindrical coordinates, and k z is the forward momentum of the beam. The order of the vortex is , wherein the phase changes by 2π in a circuit around the vortex core. In this single vortex case, is equal to the winding number [13] , a key parameter describing the field vorticity. The vortex order is also related to the orbital angular momentum (OAM) of the beam, a property that has been of much interest in the field of singular optics [14] [15] [16] .
To visualise such beams easily, the wavefronts of an = ±3 vortex beam are of the same structure as a piece of fusilli pasta, as illustrated in figure 1a .
Along the axis of a vortex beam, all phases meet, and as such there is a indeterminacy in the phase along the axis, called a phase singularity, or in 3D, a vortex line [18, 19] . The screw structured phase singularity was first discussed by Nye and Berry in 1974 [10] . As a consequence of the meeting of phases, the intensity on axis is forced to zero by destructive interference. Indeed, this is a key indicator of a vortex beam, accessible without phase measurement techniques; the central zero-intensity of a vortex beam remains present throughout propagation, while in a non-vortex, hollow beam, the central minimum will disappear over propagation due to diffractive spreading. A further result of the phase singularity is that a vortex beam is topologically distinct from a planar or spherical wavefront -no continuous stretching or warping can cause the creation of a vortex wavefront from planar or spherical surfaces, as illustrated in figure 1 [13] .
Following the development of vortex beam theory throughout the later part of the 20 th century, vortex beams of photons, electrons, and acoustic waves, have now found practical applications in a broad range of fields. They have significant applications in atomic and molecular manipulation, trapping and rotation, including work with Bose-Einstein condensates [20, 21] . They have been demonstrated across a broad range of the electromagnetic spectrum [22] [23] [24] [25] . Acoustic vortex beams have been studied by a number of groups [26, 27] , while optical vortex beams are finding further application beyond typical optics studies in astrophysics [28] , and in telecommunications [20, 29, 30] .
Vortex beam properties
The simplest scalar wave function solution describing particles with orbital angular momentum (OAM) is the Bessel beam [31] ,
which is an exact solution of the time-independent Schrödinger equation and an eigenvector of the cylindrical free space Hamiltonian, the longitudinal momentum p z , the transverse momentum p ⊥ = i ∂ 2 x + ∂ 2 y , and the OAM L z = − i ∂ ϕ . Here, is the OAM eigenvalue, J is the -th cylindrical Bessel function of the first kind, and k ⊥ is the transverse momentum of the vortex state. The transverse momentum k ⊥ is the eigenvalue of the operator p ⊥ . Figure 2 .a shows the Fourier transform of a Bessel beam, which is, up to normalization, a Dirac delta ring multiplied by a phase factor. Bessel beams are the formal basis functions of the cylindrical Schrödinger equation, and a single state as in eq. (1) cannot be realized in experiments much the same as a true plane wave can not exist in experiments. The Bessel beam intensity profiles (modulus squared of the wave function in eq. (1)) for several are shown in figure 2b . A circular aperture with spiral phase structure contains a single mode Bessel beam superposition of the following form:
containing a sum of k ⊥ eigenstates up to a maximum k max ⊥
proportional to the radius of the aperture. For = 0 we recover the typical Airy disc while for other values of a slightly broader vortex beam is obtained for the same k max ⊥ . The smallest electron vortex beam diameter obtained thus far had a diameter of 1.2Å [32] . The above solutions of the Schrödinger equation will change significantly in a magnetic field, and depending on the exact form of the external field, propagation dynamics and angular momentum, will change [33] . (1)). The radius of the ring is equal to the transverse momentum k ⊥ . (b) Radial intensity for different topological charge. For l = 0 we obtain the well known Airy disc, for l = 0 doughnut like intensity distributions are obtained.
Fully relativistic solutions have been investigated as well by several authors, but the free space relativistic effects have been found to be negligible [34, 35] .
A scalar electron vortex possesses a topological charge defined by its winding number
This distinguishes a vortex wave from a plane wave. Lubk et al. showed that the propagation of an electron vortex is topologically protected, i.e. a vortex core will not delocalize as rapidly as a conventional = 0 probe [13, 36] . One must be careful relating the winding number in eq. (3) directly to the OAM as they are only equal in the case of an OAM eigenstate, which means the electron density is radially symmetric around the phase dislocation. For better clarity, we will suppose in the following that this condition is always fulfilled. Vortex beam states as discussed in eq. (1) are eigenvectors of the OAM operator for which:
The current experimental record for electron vortices' OAM is =100, although this was in the weak higher diffraction orders of a holographic fork aperture [37] . Translating and rotating the OAM axis with respect to the symmetry axis results in a change in the expectation value of L z and the decomposition in its components [38] [39] [40] . In scattering experiments, this is an important detail to take into account [13, 32, 41] . Additionally, a scattered electron wave may have its principal OAM axis rotated by the scattering event, in which case further care needs to be taken to calculate and measure the outgoing electron wave [42] . Bessel beams as in eq. (1) show a spiralling current approximately equal to [1] :
This current lies perpendicular to the (spiralling) wave front's equiphase surface. Figures 1b-c compare a continuously distorted wave front's equiphase surface, and that of a vortex beam. It is immediately evident that one cannot be simply transformed into the other without introducing a discontinuity in both the current and the phase surface.
The electromagnetic fields of a Bessel beam are given by [43] :
The magnetic field in the z direction, B z , peaks at the center of the vortex. Note that considering a more realistic wave packet will add fringe fields which do not appear in the unlocalized and unnormalized Bessel beam case. It will also remedy the fact that in the above expression, B z is always positive and there are no returning field lines. Another interesting feature of electron vortex states (as in eq. (1)) is their magnetic moment, µ, which is proportional to the OAM [33] :
This can be arbitrarily tuned by changing the OAM of the beam.
Vortex creation
A variety of methods, many derived from optics, have been used to create electron vortex beams. The purpose of these techniques is the controlled manipulation of the phase of the electron wave in order to generate the characteristic singularity. It should be noted that these methods are often entirely general, and can be used to obtain many other types of wave, such as electron Airy beams which have recently gained interest [44] .
Holographic reconstruction has so far been the most common method for the production of electron vortex beams. In conventional electron holography one interferes the wave transmitted through a sample with a reference wave, creating a hologram that encodes the phase and amplitude in the interference pattern. In holographic reconstruction one makes use of a computer generated hologram in order to reproduce a target wave with a desired amplitude and phase profile. The hologram is calculated by superimposing the target function (Ψ ∝ exp (i ϕ) for a vortex beam) with a reference wave such as a tilted plane wave of the form exp ik x x. The hologram is binarised by using a threshold which is needed as a true amplitude modulation in TEM is very difficult to realise. The binary hologram can then be manufactured through standard nanofabrication techniques such as electron beam lithography (EBL), electron beam induced deposition (EBID) or most commonly milled with a focused ion beam (FIB) instrument on a metallic thin film of heavy, strongly scattering metals such as platinum or gold [3, 37] .
When such a hologram is inserted in the TEM and illuminated with a sufficiently coherent electron beam the desired vortex beam can be observed in the far-field of the mask hologram. The diffraction pattern contains a central spot from the reference wave and two sidebands with one having the desired waveform and the other being its complex conjugate (see Fig. 3 ). The binarization of the mask introduces higher diffraction orders with higher OAM that can be seen at higher distance from the center of the pattern. The ensemble of these diffracted beams forms a one dimensional vortex lattice (see Fig. 3 .a). This method allows for several variations by changing either the reference or the target wave. If a spherical reference wave is used instead of a plane wave the generated hologram assumes a spiral shape and the various vortex orders are separated longitudinally along the beam axis as in Fig 3. b. This approach is especially suited for scanning transmission electron microscopy (STEM) since one vortex order can be focused on the sample at a given time and therefore give spatial information, while the other vortex probes are out of focus and provide only a background signal [46] . Atomically resolved STEM images with vortex probes were obtained this way [46] . If the target wave is changed, the holographic method allows the generation of superpositions of vortex beams [47, 48] (Fig. 3.c) , beams with higher order topological charge [37, 49] (Fig. 3.d ) and electron Airy beams [44] . This last type of beam is of note, as the target phase is completely different from that of a vortex and its feasibility demonstrates the flexibility of holographic reconstruction.
The phase of an electron beam is also influenced by electric and magnetic fields, such as the mean inner potential of a thin sample which induces a phase shift in an electron wave traveling through it. A weak potential V 0 will induce a phase shift on the electron beam of ∆φ = π 2λE V 0 ( r)dz where λ is the electron wavelength and E is its energy. This has been exploited in the fabrication of phase plates for electron microscopy with the purpose of enhancing the contrast in weakly scattering samples [50, 51] . Examples of such phase plates are Zernike phase plates [52, 53] , which induce a phase shift of π/2 in scattered waves for better phase contrast and are realized by a thin carbon film with a hole drilled in the center [50] , or Hilbert phase plates, which produce a topological contrast by inducing a phase shift of π between the lobes of a beam and are made of a semicircular thin film [51] . Electrostatic Boersch phase plates exist as well creating a phase shift with a microfabricated electrostatic lens [54] In order to produce a vortex wave, a spiral phase plate is needed and can in principle be produced using the same principles as the simpler phase plates discussed above. An approximate spiral phase plate, given by a spontaneous staircase arrangement of graphite thin films in a sample, was indeed used in the first demonstration that electron vortex beams do occur in a TEM [2] .
However such phase plate is extremely challenging to produce. If made out of carbon and designed for an electron beam with a kinetic energy of 300 keV the required thickness would be about 80 nm in the thickest point and should then be stepped gradually down to 0 nm. This degree of thickness control is extremely hard to reach with current technology, and the resulting object would suffer from a higher degree of contamination and radiation damage as compared to the binary holograms [50] . Using heavier elements would require an even lower thickness and scattering would further complicate the electron interaction. It is worth noting that these phase plates have to be tuned for a specific acceleration voltage of the TEM, as the acquired phase shift depends strongly on it.
Hilbert phase plates have also been used in combination with a controlled level of astigmatism to produce electron vortices [45] , through the so-called mode conversion process [14, 55] (figure 3.e,f) .
Despite the challenges presented in producing an electron phase plate, direct manipulation of the phase is performed when correcting the aberration of electron lenses. In fact, aberration correctors are designed to generate a phase plate to compensate for the aberration phase shifts of a lens system but also allow the free tuning of the individual aberrations to obtain a desired phase plate. Indeed while a high degree of aberration has been shown to induce a diffraction catastrophe that generates a vortex lattice [56] , it has been shown that a careful tuning of different orders of astigmatism, together with an angle-limiting annular aperture, can be used to produce a single high intensity vortex beam [57] .
Magnetic fields also induce a phase shift in an electron wave through the Aharonov-Bohm effect. Indeed two different electron paths are phase shifted with respect to each other by ∆φ = A · ds = Σ B · dS. The Aharonov-Bohm phase shift is commonly exploited through electron holography to measure the in-plane component of the magnetization [58] . The fabrication of magnetic phase plates for contrast enhancement through the Aharonov-Bohm phase is also currently under study [59] . It has been shown that there is an intimate link between the Aharonov-Bohm effect and electron vortex beams [33] and that the characteristic field of a magnetic monopole would introduce an azimuthal phase shift that would turn a plane wave into a vortex with an OAM eigenvalue equal to the monopole's magnetic charge [1, 60] . Recently it has been shown how a magnetic monopole field can be approximated by the end of a thin magnetic needle, providing a vortex beam generation mechanism that works independently of the electron kinetic energy. This method can produce electron vortex beams with high current and potentially very high OAM.
After this discussion of the techniques devised for the production of vortex beams, it is worth noting that electron vortices are also created in the inelastic collisions between the incident electrons and the atoms of a sample. The exchange of angular momentum in the interaction puts the inelastically scattered electron in a mixed state that naturally contains vortices [61] . In that sense, electron vortices have always existed and are nearly impossible to avoid.
Applications
Electron vortex beams have great potential in a number of applications, some of which have been demonstrated experimentally and others which thus far remain theoretical concepts.
Nanomanipulation
As stated in the previous section, electron vortex beams carry a well-defined orbital angular momentum of per electron. When scattered at a particle though, radial symmetry is broken and OAM is no longer a good quantum number [41] . Consequently transfer of OAM between the vortex and the particle is possible [21] . This effect is demonstrated by Verbeeck et al. [21] , where a gold nanoparticle with a diameter of 3 nm is illuminated by an = ±1 vortex of comparable size. By looking at the (111) planes of the gold particle in time, a rotation of 0.01 rad/s is measured, as visible in fig. 4a . The sense of this rotation is determined by the sign of demonstrating that the rotation of the gold particle is a consequence of the vortex character of the electrons. It was calculated numerically an OAM of about 0.1 per electron is transferred to the crystal. The size of this transfer depends crucially on the orientation of the particle with respect to the beam. Neglecting friction, this would result in a linearly increasing rotational velocity of approximately 10 14 rad/s 2 for a typical beam current of 50 pA which would cause the particle to disintegrate very rapidly. Incorporating friction however, a stationary rotation velocity of 0.037 rad/s is calculated, much closer to the observed value. This experiment clearly shows that electrons carrying OAM can be used to rotate nanoparticles and could be a useful complement of atomic force microscopy techniques for manipulating nanoparticles. In addition electron vortex beams offer a new tool for studying rotational friction of nanoparticles [21] .
Energy-loss magnetic circular dichroism (EMCD)
Dichroism is the effect in which the photon absorption cross-section spectrum of a material depends on the polarization of the incoming photon. In X-ray magnetic circular dichroism (XMCD), first observed on the K-edge signal of iron [62] , the absorption cross-section depends on the angle between the helicity of a circularly polarized photon and the magnetization of a ferromagnetic or paramagnetic material. By looking at the energy loss spectrum of the photons, information about the magnetic ordering of the material can be obtained. Recently Schattschneider et al. demonstrated that the same can be done using electrons (EMCD) by exploiting the equivalence between the polarization vector in X-ray absorption and the momentum transfer q in electron scattering [63] . Verbeeck et al. suggest another EMCD setup for mapping the spin-polarized 2p → 3d electronic transitions from a thin homogeneously magnetized ferromagnetic iron sample [3] . These transitions can transfer OAM to an inelastically scattered electron if an asymmetry between the inelastic transition of ∆ = 1 and ∆ = −1 exists. This asymmetry is always present in atoms carrying a magnetic moment mediated by a complex spin orbit coupling of the atomic states [64] . As a consequence, the inelastic electrons carry a net excess of OAM with a different sign for the L 2 and L 3 excitations in electron energy loss spectroscopy. This imbalance in OAM versus energy loss is measured by placing an = 1 fork hologram in the selected area plane and then placing the spectrometer entrance aperture in the center of the sidebands. The difference in the spectra obtained in the two sidebands is then due only to the magnetic transitions as shown in fig. 4d , much in the same way as in XMCD. The advantage of this method over XMCD is however that atomic resolution is feasible with electron vortices. Preliminary related experiments indicate that this indeed seems possible [65] although a sub-optimal signal to noise ratio makes the interpretation difficult.
Vortex electron energy loss spectroscopy for near-field mapping of magnetic plasmons
When passing through or moving in the vicinity of a material, an electron can excite plasmons in a material. Recording the energy lost in this process by means of electron energy loss spectroscopy (EELS), a map of the electrical part of the local plasmonic response of nano-materials can be reconstructed [66, 67] . One could expect that a vortex electron, carrying a magnetic moment of µ B , could be used to probe the magnetic part of the local plasmonic response of a particle down to the nanometer scale. The magnetic response of a split-ring resonator (SRR) is calculated using a semiclassical approach in Mohammadi et al. [68] . Conventional finite-difference time domain (FDTD) calculations were performed for calculating normal EELS scattering probabilities in which the electric charge is replaced by an effective magnetic charge. It was shown that the magnetic component of the EELS signal is of the same order as the conventional EELS signal. This opens up the route for using vortex beams as a tool for mapping the magnetic response of nano-particles and could be of great importance in the search for artificial metal nanostructures with a large magnetic response in the visible light spectrum. Such nanostructures could be applicable in, for example, perfect lenses and optical cloaking [69, 70] .
Spin-Orbital conversion
In the following a short outline is given of how a space-variant Wien filter can be used as a spin-polarizer when using electron vortices following Karimi et al. [71] . Considering a spin unpolarized vortex-beam moving along the z-axis with topological charge , Ψ =
, where the spin is taken along the propagation axis. When moving through a magnetic field of the form B(r, φ, z) = B 0 (r)(cos(α(φ)), sin(α(φ)), 0), with α(φ) = mφ + β and φ, being the azimuthal coordinate, part of the spin-up component will flip to a spin-down state and vice versa. Depending on the initial spin-state, the spin-flipped part of the wave function will gain or lose an amount of OAM equal to m , that is [71] :
where δ = gL/R c and R c is the cyclotron radius. It can be seen from eq. (8) that when = ±m, part of the vortex beam will lose all of its OAM and that this part will be spin-polarized. When propagating to the far-field, the = 0 component of the electron wave will cause a finite amount of intensity to be present in the center of the beam, while the OAM containing components will not. By placing a small aperture in this plane, the = 0 part of the beam can be selected, resulting in a spin-polarized beam. According to Karimi et al., the beam can have a degree of polarization up to 97.5%, while maintaining an intensity of two orders of magnitude greater than conventional spin-polarised electron sources [71] . Although exchange effects are seen to be negligible in current TEM experiments, a high-intensity polarized electron source would be a breakthrough [13] .
Outlook and conclusion
Electron waves provide more flexibility in amplitude and phase than the small subset of plane wave and spherical wave which are commonly used in a TEM. In this review we have shown how the new class of vortex waves with an azimuthal phase signature can expand the possibilities in TEM beyond the current state of the art. We have shown the peculiar and specific properties of these vortex beams as well as a wide range of methods by which they can be produced. As the creation of these waves is relatively new, their applications are just starting to emerge. The most promising application is undoubtedly the appearance of magnetic information in EELS which offers the potential of probing magnetic moments on the atomic scale. Compared to optical vortices which came around in the 90ies with many applications maturing only now, electron vortices are new and the field is still rapidly expanding. As with all technique developments in TEM ,the field will only flourish when it provides unique and valuable information in a user friendly way. Perhaps more important than electron vortices is the paradigm shift from making small electron probes towards optimising the wave function in order to obtain maximum selectivity on a given property of the sample. In other words: what wave function will lead to the best answer to a specific materials science question? In this respect we profit from the increased flexibility that e.g. an aberration corrector offers, but compared to the programmable phase plates that are common in light optics, there is still ample room for improving this flexibility in the future.
